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ABSTRACT
Population protocols are a well establishedmodel of computation by

anonymous, identical finite state agents. A protocol is well-specified

if from every initial configuration, all fair executions of the protocol

reach a common consensus. The central verification question for

population protocols is the well-specification problem: deciding if a

given protocol is well-specified. Esparza et al. have recently shown

that this problem is decidable, but with very high complexity: it

is at least as hard as the Petri net reachability problem, which is

EXPSPACE-hard, and for which only algorithms of non-primitive

recursive complexity are currently known.

In this paper we introduce the class WS
3
of well-specified

strongly-silent protocols and we prove that it is suitable for au-

tomatic verification. More precisely, we show that WS
3
has the

same computational power as general well-specified protocols, and

captures standard protocols from the literature. Moreover, we show

that the membership problem forWS
3
reduces to solving boolean

combinations of linear constraints over N. This allowed us to de-

velop the first software able to automatically prove well-specifica-

tion for all of the infinitely many possible inputs.

CCS CONCEPTS
• Networks → Protocol testing and verification; • Theory of
computation → Logic and verification;

KEYWORDS
population protocols; automated verification; termination

1 INTRODUCTION
Population protocols [1, 2] are a model of distributed computation

by many anonymous finite-state agents. They were initially intro-

duced to model networks of passively mobile sensors [1, 2], but

are now also used to describe chemical reaction networks (see e.g.

[7, 19]).
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In each computation step of a population protocol, a fixed num-

ber of agents are chosen nondeterministically, and their states are

updated according to a joint transition function. Since agents are

anonymous and identical, the global state of a protocol is com-

pletely determined by the number of agents at each local state,

called a configuration. A protocol computes a boolean value b for

a given initial configuration C0 if in all fair executions starting at

C0, all agents eventually agree to b — so, intuitively, population

protocols compute by reaching consensus under a certain fairness

condition. A protocol is well-specified if it computes a value for

each of its infinitely many initial configurations (also called inputs).

The predicate computed by a protocol is the function that assigns

to each input the corresponding consensus value. In a famous se-

ries of papers, Angluin et al. [1, 2] have shown that well-specified

protocols compute exactly the predicates definable in Presburger

arithmetic [1–4].

In this paper we search for efficient algorithms for the well-

specification problem: Given a population protocol, is it well-spe-

cified? This is a question about an infinite family of finite-state

systems. Indeed, for every input the semantics of a protocol is a

finite graph with the reachable configurations as nodes. Deciding

if the protocol reaches consensus for a fixed input only requires to

inspect one of these graphs, and can be done automatically using

a model checker. This approach has been followed in a number of

papers [6, 8, 20, 24], but it only shows well-specification for some

inputs. There has also been work in formalizing well-specification

proofs in interactive theorem provers [10], but this approach is not

automatic: a human prover must first come up with a proof for each

particular protocol.

Recently, the second author, together with other co-authors, has

shown that the well-specification problem is decidable [13]. That

is, there is an algorithm that decides if for all inputs the protocol

stabilizes to a boolean value. The proof uses deep results of the

theory of Petri nets, a model very close to population protocols.

However, the same paper shows that the well-specification problem

is at least as hard as the reachability problem for Petri nets, a

famously difficult problem. More precisely, the problem is known

to be EXPSPACE-hard, and all known algorithms for it have non-

primitive recursive complexity [22]. In particular, there are no stable

implementations of any of these algorithms, and they are considered

impractical for nearly all applications.

For this reason, in this paper we search for a class of well-spe-

cified protocols satisfying three properties:

(a) No loss of expressive power : the class should compute all

Presburger-definable predicates.
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(b) Natural: the class should contain most protocols discussed

in the literature.

(c) Feasible membership problem: membership for the class

should have reasonable complexity.

The classWS of all well-specified protocols obviously satisfies

(a) and (b), but not (c). So we introduce a new class WS
3
, standing

for Well-Specified Strongly Silent protocols. We show that WS
3
still

satisfies (a) and (b), and then prove that the membership problem

forWS
3
is in the complexity class DP; the class of languages L such

that L = L1 ∩ L2 for some languages L1 ∈ NP and L2 ∈ coNP. This
is a dramatic improvement with respect to the EXPSPACE-hardness
of the membership problem for WS.

Our proof that the problem is in DP reduces membership for

WS
3
to checking (un)satisfiability of two systems of boolean combi-

nations of linear constraints over the natural numbers. This allowed

us to implement our decision procedure on top of the constraint

solver Z3 [9], yielding the first software able to automatically prove

well-specification for all inputs. We tested our implementation on

the families of protocols studied in [6, 8, 20, 24]. These papers prove

well-specification for some inputs of protocols with up to 9 states

and 28 transitions. Our approach proves well-specification for all

inputs of protocols with up to 20 states in less than one second, and

protocols with 70 states and 2500 transitions in less than one hour.

In particular, we can automatically prove well-specification for all

inputs in less time than previous tools needed to check one single

large input.

The verification problem for population protocols naturally di-

vides into two parts: checking that a given protocol is well speci-

fied, and checking that a given well-specified protocol computes

the desired predicate. While in this paper we are concerned with

well-specification, our implementation is already able to solve the

second problem for all the families of protocols described above.

This is achieved by adding to the second system of constraints used

to check well-specification further linear constraints describing the

sets of input configurations for which the protocol should return

true or false. An extension of the software that, given a protocol

and an arbitrary Presburger predicate, checks whether the protocol

computes the predicate, requires to solve implementation problems

related to Presburger arithmetic, and is left for future research.

The paper is organized as follows. Section 2 contains basic def-

initions. Section 3 introduces an intermediate classWS
2
of silent

well-specified protocols, and shows that its membership problem is

still as hard as for WS. In Section 4, we characterize WS
2
in terms

of two properties which are then strengthened to define our new

class WS
3
. We then show that the properties defining WS

3
can be

tested in NP and coNP, and so that membership forWS
3
is in DP.

Section 5 proves that WS
3
-protocols compute all Presburger predi-

cates. Section 6 reports on our experimental results, and Section 7

presents conclusions.

2 PRELIMINARIES
Multisets. A multiset over a finite set E is a mappingM : E → N.

The set of all multisets over E is denoted NE . For every e ∈ E,M (e )
denotes the number of occurrences of e inM . We sometimes denote

multisets using a set-like notation, e.g. Hf ,д,дI is the multiset M
such thatM ( f ) = 1,M (д) = 2 andM (e ) = 0 for every e ∈ E \ { f ,д}.

The support of M ∈ NE is JMK def

= {e ∈ E : M (e ) > 0}. The size

of M ∈ NE is |M |
def

=
∑
e ∈E M (e ). Addition and comparison are

extended to multisets componentwise, i.e. (M +M ′) (e )
def

= M (e ) +

M ′(e ) for every e ∈ E, and M ≤ M ′
def

⇐⇒ M (e ) ≤ M (e ) for

every e ∈ E. We define multiset difference as (M � M ′) (e )
def

=

max(M (e )−M ′(e ), 0) for every e ∈ E. The emptymultiset is denoted

0, and for every e ∈ E we write e
def

= HeI.

Population protocols. A population P over a finite set E is a multi-

set P ∈ NE such that |P | ≥ 2. The set of all populations over E is de-

noted by Pop(E). A population protocol is a tuple P = (Q,T , Σ, I ,O )
where

• Q is a non-empty finite set of states,

• T ⊆ Q2 × Q2
is a set of transitions such that for every

(p,q) ∈ Q2
there exists at least a pair (p′,q′) ∈ Q2

such

that (p,q,p′,q′) ∈ T ,
• Σ is a non-empty finite input alphabet,

• I : Σ → Q is the input function mapping input symbols to

states,

• O : Q → {0, 1} is the output function mapping states to

boolean values.

Following the convention of previous papers, we call the pop-

ulations of Pop(Q ) configurations. Intuitively, a configuration C
describes a collection of identical finite-state agents with Q as set

of states, containing C (q) agents in state q for every q ∈ Q , and at

least two agents in total.

Pairs of agents
1
interact using transitions. For every t = (p,q,

p′,q′) ∈ T , we write (p,q) 7→ (p′,q′) to denote t , and we define

pre(t )
def

= Hp,qI and post(t )
def

= Hp′,q′I. For every configuration C
and transition t ∈ T , we say that t is enabled at C if C ≥ pre(t ).
Note that by definition of T , every configuration enables at least

one transition. A transition t ∈ T enabled atC can occur, leading to

the configuration C � pre(t ) + post(t ). Intuitively, a pair of agents

in states pre(t ) move to states post(t ). We write C
t
−→ C ′ to denote

that t is enabled atC and that its occurrence leads toC ′. A transition

t ∈ T is silent if pre(t ) = post(t ), i.e., if it cannot change the current
configuration.

For every sequence of transitionsw = t1t2 · · · tk , we write C
w
−−→

C ′ if there exists a sequence of configurations C0,C1, . . . ,Ck such

that C = C0

t1
−−→ C1 · · ·

tk
−−→ Ck = C ′. We also write C −→ C ′ if

C
t
−→ C ′ for some transition t ∈ T , and call C −→ C ′ a step. We

write C
∗
−→ C ′ if C

w
−−→ C ′ for some w ∈ T ∗. We say that C ′ is

reachable from C if C
∗
−→ C ′. An execution is an infinite sequence

of configurations C0C1 · · · such that Ci −→ Ci+1 for every i ∈ N.
An execution C0C1 · · · is fair if for every step C −→ C ′, if Ci = C
for infinitely many indices i ∈ N, then Cj = C and Cj+1 = C ′ for
infinitely many indices j ∈ N. We say that a configuration C is

• terminal if C
∗
−→ C ′ implies C = C ′, i.e., if every transition

enabled at C is silent;

• a consensus configuration ifO (p) = O (q) for every p,q ∈ JCK.

1
While protocols only model interactions between two agents, k -way interactions for

a fixed k > 2 can be simulated by adding additional states.
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For every consensus configuration C , let O (C ) denote the unique
output of the states in JCK. An execution C0C1 · · · stabilizes to b ∈
{0, 1} if there exists n ∈ N such thatCi is a consensus configuration
and O (Ci ) = b for every i ≥ n.

Predicates computable by population protocols. Every input X ∈
Pop(Σ) is mapped to the configuration I (X ) ∈ Pop(Q ) defined by

I (X ) (q)
def

=
∑
σ ∈Σ

I (σ )=q

X (σ ) for every q ∈ Q .

A configuration C is said to be initial if C = I (X ) for some input X .

A population protocol is well-specified if for every input X , there
exists b ∈ {0, 1} such that every fair execution of P starting at I (X )
stabilizes to b. We say that P computes a predicate φ if for every

inputX , every fair execution of P starting at I (X ) stabilizes toφ (X ).
It is readily seen that P computes a predicate if and only if it is

well-specified.

Example 2.1. We consider the majority protocol of [3] as a run-

ning example. Initially, agents of the protocol can be in either state

A or B. The protocol computes whether there are at least as many

agents in state B as there are in state A. The states and the input

alphabet are Q = {A,B,a,b} and Σ = {A,B} respectively. The input
function is the identity function, and the output function is given

by O (B) = O (b) = 1 and O (A) = O (a) = 0. The set of transitions T
consists of:

tAB = (A,B) 7→ (a,b)

tAb = (A,b) 7→ (A,a)

tBa = (B,a) 7→ (B,b)

tba = (b,a) 7→ (b,b)

and of silent transitions for the remaining pairs of states. Transition

tAB ensures that every fair execution eventually reaches a configu-

ration C such that C (A) = 0 or C (B) = 0. If C (A) = 0 = C (B), then
there were initially equally many agents in A and B. Transition
tba then acts as tie breaker, resulting in a terminal configuration

populated only by b. If, say,C (A) > 0 andC (B) = 0, then there were

initially more As than Bs, and tAb ensures that every fair execution

eventually reaches a terminal configuration populated only by A
and a.

3 WELL-SPECIFIED SILENT PROTOCOLS
Silent protocols

2
were introduced in [12]. Loosely speaking, a pro-

tocol is silent if communication between agents eventually ceases,

i.e. if every fair execution eventually stays in the same configura-

tion forever. Observe that a well-specified protocol need not be

silent: fair executions may keep alternating from a configuration

to another as long as they are consensus configurations with the

same output.

More formally, we say that an executionC0C1 · · · is silent if there

exists n ∈ N and a configurationC such thatCi = C for every i ≥ n.
A population protocol P is silent if every fair execution of P is

silent, regardless of the starting configuration. We call a protocol

that is well-specified and silent aWS
2
-protocol, and denote byWS

2

the set of all WS
2
-protocols.

2
Silent protocols are also referred to as protocols with stabilizing states and silent

transitions are called ineffective in [17, 18].

Example 3.1. As explained in Example 2.1, every fair execution

of the majority protocol is silent. This implies that the protocol is

silent. If, for example, we add a new state b ′ where O (b ′) = 1, and

transitions (b,b) 7→ (b ′,b ′), (b ′,b ′) 7→ (b,b), then the protocol is

no longer silent since the execution where two agents alternate

between states b and b ′ is fair but not silent.

Being silent is a desirable property. While in arbitrary protocols

it is difficult to determine if an execution has already stabilized, in

silent protocols it is simple: one just checks if the current config-

uration only enables silent transitions. Even though it is was not

observed explicitely, the protocols introduced in [1] to characterize

the expressive power of population protocols belong toWS
2
. There-

fore, WS
2
-protocols can compute the same predicates as general

ones.

Unfortunately, a slight adaptation of [14, Theorem 10] shows

that the complexity of the membership problem for WS
2
-protocols

is still as high as for the general case:

Proposition 3.2. The reachability problem for Petri nets is re-

ducible in polynomial time to the membership problem forWS
2
. In

particular, membership for WS
2
is EXPSPACE-complete.

To circumvent this high complexity, we will show in the next

section how WS
2
can be refined into a smaller class of well-speci-

fied protocols with the same expressive power, and a membership

problem of much lower complexity.

4 A FINER CLASS OF SILENT
WELL-SPECIFIED PROTOCOLS: WS

3

It can be shown that WS
2
-protocols are exactly the protocols satis-

fying the two following properties:

• Termination: for every configuration C , there exists a ter-

minal configuration C ′ such that C
∗
−→ C ′.

• Consensus: for every initial configurationC , there exists b ∈
{0, 1} such that every terminal configuration C ′ reachable

from C is a consensus configuration with output b, i.e. C
∗
−→

C ′ implies O (C ′) = b.

We will introduce the new class WS
3
as a refinement of WS

2

obtained by strengthening Termination and Consensus into two

new properties called LayeredTermination and StrongConsen-

sus. We introduce these properties in Section 4.1 and Section 4.2,

and show that their decision problems belong to NP and coNP
respectively.

Before doing so, let us introduce some useful notions. Let P =

(Q,T , Σ, I ,O ) be a population protocol. For every S ⊆ T , P[S]

denotes the protocol induced by S , i.e. P[S]
def

= (Q, S ∪ T ′, Σ, I ,O )

where T ′
def

=
{
(p,q,p,q) : p,q ∈ Q

}
is added to ensure that any two

states can interact. Let−→S denote the transition relation ofP[S]. An
ordered partition ofT is a tuple (T1,T2, . . . ,Tn ) of nonempty subsets

of T such that T =
⋃n
i=1Ti and Ti ∩Tj = ∅ for every 1 ≤ i < j ≤ n.

4.1 Layered termination
We replace Termination by a stronger property called Layered-

Termination, and show that deciding LayeredTermination be-

longs to NP. The definition of LayeredTermination is inspired

by the typical structure of protocols found in the literature. Such
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protocols are organized in layers such that transitions of higher

layers cannot be enabled by executing transitions of lower layers.

In particular, if the protocol reaches a configuration of the highest

layer that does not enable any transition, then this configuration

is terminal. For such protocols, Termination can be proven by

showing that every (fair or unfair) execution of a layer is silent.

Definition 4.1. A population protocol P = (Q,T , Σ, I ,O ) satisfies
LayeredTermination if there is an ordered partition

(T1,T2, . . . ,Tn )

of T such that the following properties hold for every i ∈ [n]:

(a) For every configuration C , every (fair or unfair) execution

of P[Ti ] starting at C is silent.

(b) For every configurations C and C ′, if C
∗
−→Ti C ′ and C is

terminal in P[T1 ∪T2 ∪ · · · ∪Ti−1], then C
′
is also terminal

in P[T1 ∪T2 ∪ · · · ∪Ti−1].

Example 4.2. The majority protocol satisfies LayeredTermina-

tion. Indeed, consider the ordered partition (T1,T2), where

T1 = {(A,B) 7→ (a,b), (A,b) 7→ (A,a)}

T2 = {(B,a) 7→ (B,b), (b,a) 7→ (b,b)}.

All executions of P[T1] and P[T2] are silent. For every terminal

configuration C of P[T1], we have JCK ⊆ {A,a} or JCK ⊆ {B,a,b}.
In the former case, no transition of T2 is enabled; in the latter case,

taking transitons of T2 cannot enable T1.

As briefly sketched above, LayeredTermination implies Termi-

nation. In the rest of this section, we prove that checking Layered-

Termination is in NP. We do this by showing that conditions (a)

and (b) of Definition 4.1 can be tested in polynomial time.

We recall a basic notion of Petri net theory recast in the terminol-

ogy of population protocols. For every stepC
t
−→ C ′ and every state

q of a population protocol, we have C ′(q) = C (q) + post(t ) (q) −
pre(t ) (q). This observation can be extended to sequences of tran-

sitions. Let |w |t denote the number of occurrences of transition t
in a sequencew . We haveC ′(q) = C (q) +

∑
t ∈T |w |t · (post(t ) (q) −

pre(t ) (q)). Thus, a necessary condition forC
w
−−→ C ′ is the existence

of some x : T → N such that

C ′(q) = C (q) +
∑
t ∈T

x (t ) · (post(t ) (q) − pre(t ) (q)). (1)

We call (1) the flow equation for state q.

Proposition 4.3. Let P = (Q,T , Σ, I ,O ) be a population protocol.
Deciding whether an ordered partition (T1,T2, . . . ,Tn ) of T satisfies

condition (a) of Definition 4.1 can be done in polynomial time.

Proof. Let i ∈ [n] and letUi be the set of non silent transitions

of Ti . It can be shown that P[Ti ] is non silent if and only if there

exists x : Ui → Q such that

∑
t ∈Ui x (t ) · (post(t ) (q)−pre(t ) (q)) = 0

and x (q) ≥ 0 for every q ∈ Q , and x (q) > 0 for some q ∈ Q .
Therefore, since linear programming is in P, we can check for the

(non) existence of an appropriate rational solution x i for every
i ∈ [n]. □

We show how to check condition (b) of Definition 4.1 in poly-

nomial time. Let U ⊆ T be a set of transitions. A configuration

C ∈ Pop(Q ) is U -dead if for every t ∈ U , C
t
−→ C ′ implies C ′ = C .

We say that P isU -dead from C0 ∈ Pop(Q ) if every configuration

reachable from C0 is U -dead, i.e. C0

∗
−→ C implies that C is U -dead.

Finally, we say that P isU -dead if it isU -dead from everyU -dead

configuration C0 ∈ Pop(Q ).

Proposition 4.4. Let P = (Q,T , Σ, I ,O ) be a population proto-

col. Deciding whether an ordered partition (T1, . . . ,Tn ) of T satisfies

condition (b) of Definition 4.1 can be done in polynomial time.

Proof. Let i ∈ [n] and letU
def

= T1∪T2∪· · ·∪Ti−1. P[Ti ] satisfies
condition (b) if and only if P[Ti ] isU -dead. The latter can be tested

in polynomial time through the following characterization: P[Ti ]
is not U -dead if and only if there exist t ∈ Ti and non silent u ∈ U
such that for every non silent u ′ ∈ U :

pre(u ′) ≰ pre(t ) + (pre(u) � post(t )). □

Propositions 4.3 and 4.4 yield an NP procedure to decide Lay-

eredTermination. Indeed, it suffices to guess an ordered partition

and to check whether it satisfies conditions (a) and (b) of Defini-

tion 4.1 in polynomial time.

Corollary 4.5. Deciding if a protocol satisfies LayeredTermina-

tion is in NP.

4.2 Strong consensus
To overcome the high complexity of reachability in population

protocols, we strengthen Consensus by replacing the reachability

relation in its definition by an over-approximation, i.e., a relation

99K over configurations such that C
∗
−→ C ′ implies C 99K C ′. Ob-

serve that the flow equations provide an over-approximation of the

reachability relation. Indeed, as mentioned earlier, if C
∗
−→ C ′, then

there exists x : T → N such that (C,C ′,x ) satisfies all of the flow
equations. However, this over-approximation alone is too crude for

the verification of protocols.

Example 4.6. For example, let us consider the configurationsC =
HA,BI andC ′ = Ha,aI of the majority protocol. The flow equations

are satisfied by the mapping x such that x (tAB ) = x (tAb ) = 1 and

x (tBa ) = x (tba ) = 0. Yet, C
∗
−→ C ′ does not hold.

To obtain a finer reachability over-approximation, we introduce

so-called traps and siphons constraints borrowed from the theory

of Petri nets [11, 15, 16] and successfully applied to a number of

analysis problems (see e.g. [5, 15, 16]). Intuitively, for some subset

of transitions U ⊆ T , a U -trap is a set of states P ⊆ Q such that

every transition ofU that removes an agent from P also moves an

agent into P . Conversely, aU -siphon is a set P ⊆ Q such that every

transition of U that moves an agent into P also removes an agent

from P . More formally, let
•R

def

= {t ∈ T : Jpost(t )K ∩ R , ∅} and

R•
def

= {t ∈ T : Jpre(t )K∩R , ∅}.U -siphons andU -traps are defined

as follows:

Definition 4.7. A subset of states P ⊆ Q is aU -trap if P•∩U ⊆ •P ,
and aU -siphon if

•P ∩U ⊆ P•.

For every configuration C ∈ Pop(Q ) and P ⊆ Q , let C (P )
def

=∑
q∈P C (q). Consider a sequence of steps C0

t1
−−→ C1

t2
−−→ · · ·

tn
−−→ Cn
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where t1, . . . , tn ∈ U . It follows from Definition 4.7 that if some

transition ti moves an agent to a U -trap P , then Cj (P ) > 0 for

every j ≥ i . Similarly, if some transition ti removes an agent from

aU -siphon, then Cj (P ) > 0 for every j < i . In particular:

Observation 4.8. LetU ⊆ T , and let C and C ′ be configurations

such thatC
∗
−→U C ′. For everyU -trap P , ifC ′(P ) = 0, then

•P∩U = ∅.
For everyU -siphon P , if C (S) = 0, then P• ∩U = ∅.

We obtain a necessary condition for C
∗
−→U C ′ to hold, which

we call potential reachability:

Definition 4.9. Let C,C ′ be two configurations, let x : T → N,
and let U = JxK. We say that C ′ is potentially reachable from C

through x , denoted C
x
99KC ′, if

(a) the flow equation (1) holds for every q ∈ Q ,
(b) C ′(P ) = 0 implies

•P ∩U = ∅ for everyU -trap P , and
(c) C (P ) = 0 implies P• ∩U = ∅ for everyU -siphon P .

Example 4.10. Let us reconsider Example 4.6. Let U = JxK =
{tAB , tAb } and P = {A,b}. Recall that tAB = (A,B) 7→ (a,b) and
tAb = (A,b) 7→ (A,a). We have P• ∩U = U which implies that P is

aU -trap. This means that Definition 4.9(b) is violated as C ′(P ) = 0

and
•P ∩U = U , ∅. Therefore, HA,BI x

99K Ha,aI does not hold.

We writeC 99KC ′ ifC
x
99KC ′ for some x : T → N. As an imme-

diate consequence of Observation 4.8, for every configurations C

andC ′, ifC
∗
−→ C ′, thenC 99KC ′. This allows us to strengthen Con-

sensus by redefining it in terms of potential reachability instead of

reachability:

Definition 4.11. A protocol satisfies StrongConsensus if for

every initial configuration C , there exists b ∈ {0, 1} such that every

terminal configuration C ′ potentially reachable from C is a consen-

sus configuration with output b, i.e. C 99KC ′ implies O (C ′) = b.

Since the number of U -traps and U -siphons of a protocol can

be exponential in the number of states, checking trap and siphon

constraints by enumerating them may take exponential time. Fortu-

nately, this can be avoided. By definition, it follows that the union of

two U -traps is again a U -trap, and similarly for siphons. Therefore,

given a configuration C , there exists a unique maximal U -siphon

Pmax such that C (Pmax) = 0, and a unique maximal U -trap P ′
max

such that C (P ′
max

) = 0. Moreover, Pmax and P
′
max

can be computed

in linear time by means of a simple greedy algorithm (see e.g. [11,

Ex. 4.5]). This simplifies the task of checking traps and siphons

constraints, and yields a coNP procedure for testing StrongCon-

sensus:

Proposition 4.12. Deciding if a protocol satisfies StrongCon-

sensus is in coNP.

Proof. Testing whether a protocol does not satisfy StrongCon-

sensus can be done by guessing C0,C,C
′ ∈ Pop(Q ), b ∈ {0, 1},

q,q′ ∈ Q and x ,x ′ : T → N, and testing whether

(a) C0 is initial, C is terminal, C ′ is terminal, q ∈ JCK, q′ ∈ JC ′K,
O (q) , O (q′), and

(b) C0

x
99KC and C0

x ′
99KC ′.

Since there is no a priori bound on the size ofC0,C,C
′
and x ,x ′,

we guess them carefully. First, we guess whetherD (p) = 0,D (p) = 1

or D (p) ≥ 2 for every D ∈ {C0,C,C
′} and p ∈ Q . This gives enough

information to test (a). Then, we guess JxK and Jx ′K. This allows
to test traps/siphons constraints as follows. Let U

def

= JxK, let Pmax

be the maximalU -trap such that C (Pmax) = 0, and let P ′
max

be the

maximalU -siphon such thatC0 (P
′
max

) = 0. Conditions (b) and (c) of

Definition 4.9 hold if and only if
• (Pmax)∩U = ∅ and (P

′
max

)•∩U =
∅, which can be tested in polynomial time. The same is done for

x ′. If (a) and siphons/traps constraints hold, we build the system S

of linear equations/inequalities obtained from the conjunction of

the flow equations together with the constraints already guessed.

By standard results on integer linear programming (see e.g. [23,

Sect. 17]), if S has a solution, then it has one of polynomial size,

and hence we may guess it. □

4.3 WS
3-protocols

We say that a protocol belongs toWS
3
if it satisfies LayeredTer-

mination and StrongConsensus. SinceWS
3 ⊆WS

2 ⊆WS holds,

everyWS
3
-protocol is well-specified. Recall that a language L be-

longs to the class DP [21] if there exist languages L1 ∈ NP and

L2 ∈ coNP such that L = L1 ∩ L2. By taking L1 and L2 respectively
as the languages of population protocols satisfying LayeredTermi-

nation and StrongConsensus, Corollary 4.5 and Proposition 4.12

yield:

Theorem 4.13. The membership problem for WS
3
-protocols is in

DP.

5 WS
3 IS AS EXPRESSIVE AS WS

In a famous result, Angluin et al. [3] have shown that a predicate is

computable by a population protocol if and only if it is definable in

Presburger arithmetic, the first-order theory of addition [1, 3]. In

particular, [1] constructs protocols for Presburger-definable predi-

cates by means of a well-known result: Presburger-definable pred-

icates are the smallest set of predicates containing all threshold

and remainder predicates, and closed under boolean operations. A

threshold predicate is a predicate of the form

P (x1, . . . ,xk ) =
*.
,

k∑
i=1

aixi < c+/
-
,

where k ≥ 1 and a1, . . . ,ak , c ∈ Z. A remainder predicate is a

predicate of the form

P (x1, . . . ,xk ) =
*.
,

k∑
i=1

aixi ≡ c (modm)+/
-
,

where k ≥ 1,m ≥ 2 and a1, . . . ,ak , c,m ∈ Z. Here, we show that

these predicates can be computed by WS
3
-protocols, and that WS

3

is closed under negation and conjunction. As a consequence, we

obtain that WS
3
-protocols are as expressive as WS, the class of all

well-specified protocols.

Threshold. We describe the protocol given in [1] to compute the

threshold predicate

∑k
i=1 aixi < c . Let

vmax

def

= max( |a1 |, |a2 |, . . . , |ak |, |c | + 1)
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and define

f (m,n)
def

= max(−vmax,min(vmax,m + n))

д(m,n)
def

= (m + n) − f (m,n)

b (m,n)
def

= ( f (m,n) < c )

The protocol is P
thr

def

= (Q,T , Σ, I ,O ), where

Q
def

= {0, 1} × [−vmax,vmax] × {0, 1}

Σ
def

= {x1,x2, . . . ,xk }

I (xi )
def

= (1,ai ,ai < c ) for every i ∈ [k]

O (ℓ,n,o)
def

= o for every state (ℓ,n,o),

and T contains

(1,n,o), (l ,n′,o′) 7→ (1, f (n,n′),b (n,n′)), (0,д(n,n′),b (n,n′))

for every n,n′ ∈ [−vmax,vmax], ℓ,o,o
′ ∈ {0, 1}. Intuitively, a state

(ℓ,n,o) indicates that the agent has value n, opinion o, and that it is
a leader if and only if ℓ = 1. When a leader q and a state r interact, r
becomes a non leader, and q increases its value as much as possible

by substracting from the value of r . Moreover, a leader can change

the opinion of any non leader.

Proposition 5.1. P
thr

satisfies StrongConsensus.

Proof. Let val(q)
def

= n for every state q = (ℓ,n,o) ∈ Q , and let

val(C )
def

=
∑
q∈Q C (q) · val(q) for every configuration C ∈ Pop(Q ).

The following holds for every C,C ′ ∈ Pop(Q ):

(a) If (C,C ′,x ) is a solution to the flow equations for some x :

T → N, then val(C ) = val(C ′).
(b) IfC,C ′ are terminal,C andC ′ contain a leader, and val(C ) =

val(C ′), then O (C ) = O (C ′).

Suppose for the sake of contradiction that P does not satisfy

StrongConsensus. There exist C0,C,C
′ ∈ Pop(Q ), q,q′ ∈ Q and

x ,x ′ : T → N such that C0

x
99K C , C0

x ′
99K C ′, C0 is initial, C and

C ′ are terminal consensus configurations, q ∈ JCK, q′ ∈ JC ′K and
O (q) , O (q′). Note that (C0,C,x ) and (C0,C

′,x ′) both satisfy the

flow equations. Thus, by (a), val(C ) = val(C0) = val(C ′). Since C0

is initial, it contains a leader. Since the set of leaders forms aU -trap

for every U ⊆ T , and (C0,C,x ) and (C0,C
′,x ) satisfy trap con-

straints, C and C ′ contain a leader. By (b), C and C ′ are consensus
configurations with O (C ) = O (C ′), which is a contradiction. □

Proposition 5.2. P
thr

satisfies LayeredTermination.

Proof. Let L0
def

= {(1,x , 0) : c ≤ x ≤ vmax}, L1
def

= {(1,x , 1) :

−vmax ≤ x < c}, N0

def

= {(0, 0, 0)} and N1

def

= {(0, 0, 1)}. It can be

shown that the following ordered partitions satisfy layered termi-

nation for c > 0 and c ≤ 0 respectively:

T1
def

= {t ∈ T : pre(t ) , Hq, rI for all q ∈ L0, r ∈ N1},

T2
def

= T \T1, and

S1
def

= {t ∈ T : pre(t ) , Hq, rI for all q ∈ L1, r ∈ N0},

S2
def

= T \ S1. □

Remainder. We give a protocol for the remainder predicate

k∑
i=1

aixi ≡ c (modm).

The protocol is P
rmd
= (Q,T , Σ, I ,O ), where

Q
def

= [0,m) ∪ {true, false}

Σ
def

= {x1,x2, . . . ,xk }

I (xi )
def

= ai modm for every i ∈ [k]

O (q)
def

=



1 if q ∈ {c, true}

0 otherwise

and where T contains the following transitions for every n,n′ ∈
[0,m) and b ∈ {false, true}:

(n,n′) 7→ (n + n′ modm,n + n′ modm = c ) and

(n,b) 7→ (n,n = c ).

In the the full version of this paper
3
we show that P

rmd
belongs to

WS
3
by adapting the proof for P

thr
.

Negation and conjunction. Let P1 = (Q1,T1, Σ, I1,O1) and P2 =
(Q2,T2, Σ, I2,O2) be WS

3
-protocols computing predicates φ1 and

φ2 respectively. We may assume that P1 and P2 are defined over

identical Σ, for we can always extend the input domain of thresh-

old/remainder predicates by variables with coefficients of value

zero. The predicate ¬φi can be computed by replacing Oi by the

new output functionO ′i such thatO ′i (q)
def

= ¬Oi (q) for every q ∈ Qi .

To compute φ1∧φ2, we build an asynchronous product where steps

of P1 and P2 can be executed independently.

More formally, the conjunction of P1 and P2 is defined as the

population protocol P
def

= (Q, S, I , Σ,O ) such that Q
def

= Q1 × Q2,

S
def

= S1 ∪ S2, I (σ )
def

= (I1 (σ ), I2 (σ )) and O (p,q)
def

= O1 (p) ∧ O2 (q)
where

S1
def

= {(p, r ), (p′, r ′) 7→ (q, r ), (q′, r ′) : (p,p′,q,q′) ∈ T1, r , r
′ ∈ Q2},

S2
def

= {(r ,p), (r ′,p′) 7→ (r ,q), (r ′,q′) : (p,p′,q,q′) ∈ T2, r , r
′ ∈ Q1}.

In the full version of this paper. we show that P is in WS
3
since

terminal/consensus configurations, flow equations, and traps and

siphons constraints are preserved by projections from P onto P1

and P2.

3
https://arxiv.org/abs/1703.04367
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Threshold

vmax |Q | |T | Time

3 28 288 8.0

4 36 478 26.5

5 44 716 97.6

6 52 1002 243.4

7 60 1336 565.0

8 68 1718 1019.7

9 76 2148 2375.9

10 84 2626 timeout

Remainder

m |Q | |T | Time

10 12 65 0.4

20 22 230 2.8

30 32 495 15.9

40 42 860 79.3

50 52 1325 440.3

60 62 1890 3055.4

70 72 2555 3176.5

80 82 3320 timeout

Majority

|Q | |T | Time

4 4 0.1

Flock of birds [6]

c |Q | |T | Time

20 21 210 1.5

25 26 325 3.3

30 31 465 7.7

35 36 630 20.8

40 41 820 106.9

45 46 1035 295.6

50 51 1275 181.6

55 56 1540 timeout

Broadcast

|Q | |T | Time

2 1 0.1

Flock of birds [8]

c |Q | |T | Time

50 51 99 11.8

100 101 199 44.8

150 151 299 369.1

200 201 399 778.8

250 251 499 1554.2

300 301 599 2782.5

325 326 649 3470.8

350 351 699 timeout

Table 1: Results of the experimental evaluation where |Q | denotes the number of states, |T | denotes the number of non silent
transitions, and the time to prove membership for WS

3 is given in seconds.

6 EXPERIMENTAL RESULTS
We have developed a tool called Peregrine4 to check membership

in WS
3
. Peregrine is implemented on top of the SMT solver Z3 [9].

Peregrine reads in a population protocolP = (Q,T , Σ, I ,O ) and
constructs two sets of constraints. The first set is satisfiable if and

only if LayeredTermination holds, and the second is unsatisfiable

if and only if StrongConsensus holds.

For LayeredTermination, our tool Peregrine iteratively con-

structs constraints checking the existence of an ordered partition

of size 1,2, . . . , |T | and decides if they are satisfiable. To check that

the execution of a layer is silent, the constraints mentioned in the

proof of Proposition 4.3 are transformed using Farkas’ lemma (see

e.g. [23]) into a version that is satisfiable if and only if all the execu-

tions of the layer are silent. Also, the constraints for condition (b)

of Definition 4.1 are added.

For StrongConsensus, Peregrine initially constructs the con-

straints for the flow equation for three configurations C0,C1,C2

and vectors x1 and x2, with additional constraints to guarantee that
C0 is initial,C1 andC2 are terminal, andC1 andC2 are consensus of

different values. If these constraints are unsatisfiable, the protocol

satisfies StrongConsensus. Otherwise, Peregrine searches for

a U -trap or U -siphon to show that either C0

x 1

99KC1 or C0

x 2

99KC2

does not hold. If, say, a U -siphon S is found, then Peregrine adds

the constraint C0 (S) > 0 to the set of initial constraints. This pro-

cess is repeated until either the constraints are unsatisfiable and

StrongConsensus is shown, or all possibleU -traps andU -siphons

are added, in which case StrongConsensus does not hold. We

use this refinement-based approach instead of the coNP approach

described in Proposition 4.12, as that could require a quadratic num-

ber of variables and constraints, and we generally expect to need a

small number of refinement steps.

We evaluated Peregrine on a set of benchmarks: the threshold

and remainder protocols of [2], the majority protocol of [3], the

4Peregrine and benchmarks are available from https://gitlab.lrz.de/i7/peregrine/.

broadcast protocol of [8] and two versions of the flock of birds
5

protocol from [6, 8]. We checked the parametrized protocols for

increasing values of their primary parameter until we reached a

timeout. For the threshold and remainder protocols, we set the

secondary parameter c to 1 since it has no incidence on the size of

the protocol, and since the variation in execution time for different

values of c was negligible. Moreover, we assumed that all possible

values for ai were present in the inputs, which represents the worst

case.

All experiments were performed on the same machine equipped

with an Intel Core i7-4810MQ CPU and 16GB of RAM. The time

limit was set to 1 hour. The results are shown in Table 1. In all cases

where we terminated within the time limit, we were able to show

membership for WS
3
. Generally, showing StrongConsensus took

much less time than showing LayeredTermination, except for the

flock of birds protocols, where we needed linearly many U -traps.

As an extension, we also tried proving correctness after proving

membership in WS
3
. For this, we constructed constraints for the

existence of an input X and configuration C with I (X )
x
99KC and

φ (X ) , O (C ).Wewere able to prove correctness for all the protocols

in our set of benchmarks. The correctness check was faster than

the well-specification check for broadcast, majority, threshold and

both flock of birds protocols, and slower for the remainder protocol,

where we reached a timeout form = 70.

7 CONCLUSION AND FURTHERWORK
We have presented WS

3
, the first class of well-specified population

protocols with a membership problem of reasonable complexity

(i.e. in DP) and with the full expressiveness of well-specified pro-

tocols. Previous work had shown that the membership problem

for the general class of well-specified protocols is decidable, but at

least EXPSPACE-hard with algorithms of non primitive recursive

complexity.

5
The variant from [8] is referred to as threshold-n by its authors.
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We have shown thatWS
3
is a natural class that contains many

standard protocols from the literature, like flock-of-birds, majority,

threshold and remainder protocols. We implemented the member-

ship procedure for WS
3
on top of the SMT solver Z3, yielding the

first software able to automatically prove well-specification of pop-

ulation protocols for all (of the infinitely many) inputs. Previous

work could only prove partial correctness of protocols with at most

9 states and 28 transitions, by trying exhaustively a finite number

of inputs [6, 8, 20, 24]. Our algorithm deals with all inputs and

can handle larger protocols with up to 70 states and over 2500

transitions.

Future work will concentrate on three problems: improving the

performance of our tool; automatically deciding if a WS
3
-protocol

computes the predicate described by a given Presburger formula;

and the diagnosis problem: when a protocol does not belong toWS
3
,

delivering an explanation, e.g. a non-terminating fair execution.

We think that our constraint-based approach provides an excellent

basis for attacking these questions.
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