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1 IntroductionIn this paper, Euclidean n-space is denoted En. We begin with a discussion ofcertain methods related to E3, and then discuss their generalization to E4.One approach to the problem of representing solid objects in E3 is the methodof sweeping [1, 8, 9, 31]. One of the most general types of sweeping is the general-ized cylinder [1, 7, 8, 24], in which the represented object is speci�ed by sweepinga cross-section C (de�ned as a closed 2-D contour and the two-dimensional regionit encloses) along a 3-D trajectory x comprised of points x(t), where t is a param-eter. In general, C also may depend on the parameter t, as in the case of pro�ledsweep objects [1, 8, 33]. One possibility for specifying the relationship (in termsof coordinate systems) between the trajectory, and the cross-section C(t) corre-sponding to a point x(t) on the trajectory, is the Frenet frame [7, 8, 16, 24], whichcomprises three vectors (t;n;b) at each point on the trajectory; here, t = t(t) isthe tangent vector, n = n(t) is the normal vector, and b = b(t) is the binormalvector (see Figure 1).One possibility for the parameter t is the \natural" arc-length parameters. When the derivatives x0(s);x00(s);x000(s) with respect to s fail to be linearlyindependent, then either the curvature of the curve is zero, the torsion of the curveis zero, or both; these conditions correspond to an inection point, or a curvelying in a lower-dimensional linear variety, or both. In such a case, the Frenetframe may be unde�ned, or its principal axes may suddenly change direction,and it is natural to consider modi�ed forms of the Frenet frame [7, 8, 16].Another possible moving coordinate system is the viewing-reference coordi-nate (VRC) frame, which also comprises three vectors at each point on the tra-jectory. The �rst of these vectors is again the vector t, but the remaining twovectors are usually di�erent from n and b. To de�ne the other two vectors ofthe frame, we think of the plane orthogonal to t as a viewing plane, and suppose2



that an externally-given reference vector vref has been speci�ed. (This referencevector is usually thought of as the \up" direction, and denoted VUP.) The VRCcoordinate frame is de�ned provided that vref and t are not collinear: the �rstvector of the frame is t, the second vector is the projection of vref into the planeorthogonal to t, and the third is chosen to complete a three-dimensional right-handed coordinate system. The VRC coordinate system has the advantage ofbeing de�ned in terms of a static external direction, which facilitates orientationof the object in the mind of a human observer; it has the disadvantage that it isnot de�ned if t and vref are collinear.
x(t)0n tb

Figure 1: The Frenet frame in E3In this paper we will give the necessary generalizations permitting the sweep-ing method to be applied to the problem of the representation of an object S inE4, by sweeping a subset C(t) of E3 along a 4-D trajectory x(t), t � t0. (Moreprecisely, the set C(t) is a subset of the 3-D linear variety fv : x0(t)�(v�x(t)) = 0g3



for each t.) The relationship between the trajectory, and the 3-D object C(t) be-ing swept along the trajectory, can be speci�ed using any of the coordinate framesmentioned, generalized to four dimensions. (In fact, the generalizations are avail-able for Euclidean space En for any positive integer n, but we provide detaileddevelopments only in the case n = 4.) The advantages and disadvantages of eachof the choices will also be discussed.Another problem, which is in a certain sense dual to the problem of object rep-resentation, is that of visualization of objects represented by some other method.For example, objects in E4 can be represented by Regular Simplicial Complexes[4, 11, 20, 21, 22, 23], with data structures that can be viewed as extensions ofthe standard winged-edge representation; alternatively, very general classes ofobjects in E4 can be represented by using Selective Geometric Complexes [29].However, the fact that an object has been represented using a 4-D representationscheme does not mean that it is easy for the human user to understand or visu-alize it. (The remark, that one of the real problems in visualization is \... howto arrange data so that it can be accessed intuitively ... " [32] is especially truein higher dimensions.) One possibility for the interactive exploration [34] of analready-represented object S in E4 is to permit the user to specify incrementallya trajectory x(t) 2 E4, and to compute and display the 3-D cross-sections C(ti)of S orthogonal to the trajectory, at a sequence of points x(ti); i = 1; :::; alongthe trajectory. To maintain a description of the cross-section as we move alongthe trajectory, the cross-section can be represented in coordinates speci�ed byone of the moving 4-D coordinate frames mentioned above. (Again, such movingframes are available in En, but we give detailed developments only for n = 4,the case in which this visualization method is most likely to be useful.) All tech-niques for 3-D visualization are in principle available for visualization of the 3-Dcross-sections C(ti).In our description, given earlier, of the sweeping method for E3, it was as-4



sumed that the cross-section C(t) is de�ned as a region enclosed by a 2-D contour,i.e. that C(t) is a homeomorphic image of the 2-D unit disk. In principle, how-ever, there is no reason to exclude the possibility that C(t) is a more general kindof set, such as a 2-D regular set [27], or even a non-regular set [29]. It is unlikelythat one would choose to use such general cross-sections for the sweep represen-tation of sets, because of the complexity involved; however, such sets may veryeasily arise in the case of visualization. Thus, in this paper, for the visualizationof objects S � E4, the cross-sections C(t) are not restricted to be homeomorphsof the 3-D unit ball.In the sequel, the words \solid" and \object" will be used interchangeably torefer to a subset of Euclidean space. Unless otherwise speci�ed, the Euclideanspace in question is of dimension 4: S represents a solid S � E4, C(t) is a subsetof the 3-D linear variety fv : x0(t) �(v�x(t)) = 0g, and bold-face characters (suchas x = x(t); e1; ::: etc.) denote points and vectors in E4, with the exception ofcertain quantities (viz z, , p, q) in Section 2 which are in Euclidean spaces ofdi�erent dimension.In Section 2 of the paper we will summarize methods for object representation,and methods for object visualization, in E4. In Section 3 we will discuss thegeneralizations, necessary for our method, of the various coordinate frames, todimensions greater than three, and discuss the advantages and disadvantagesof each frame. Finally, in Section 4 we will describe an implementation of themethod, based on the generalization of the VRC frame, and illustrate by meansof examples the method's use in visualizing objects embedded in E4.2 Object representation and visualization in E4In this section we give a brief summary of methods for object representation andvisualization in E4. 5



2.1 Object representationOne natural approach to the representation of objects in four or higher dimen-sions is based directly on classical mathematical methods in algebraic topology:this is the method of Regular Simplicial Complexes [4, 11, 20, 21]. The basicbuilding block used here is the simplex, which is the convex combination of n+1a�nely independent points; combinations of such simplices satisfying certain well-formedness conditions are called complexes [11]. It is often convenient to restrictour attention to the regular sets1, and in this case natural generalizations of thewinged-edge representation have been given [10]. Simplicial complexes have sim-ple form and this is an important advantage in dealing with the complexity ofobjects in higher-dimensional spaces; on the other hand, the number of simplicesnecessary to represent an object may be very large, and a collection of simplicesmay not reect the form of a represented object in a way that is natural to thehuman observer.A generalization of certain other data structures, appropriate for the repre-sentation of manifolds, to Euclidean spaces of arbitrary dimension, was given in[6]. With this method objects are represented, using regular CW-complexes, assubdivisions of manifolds (with or without boundary).Another modelling method which permits representation of objects in higherdimensions is that of the Selective Geometric Complexes [29]. In this method, ob-jects are modelled by means of combinations of cells, which are connected subsetsof real algebraic varieties. This approach has several advantages even for mod-elling in E3, including the possibility of modelling objects of mixed dimension.In addition, however, the cells referred to above may be of arbitrary dimension,and a Selective Geometric Complex may therefore be used to model objects in aspace of dimension greater than three. (In particular, a 2-D surface in E4, such1For de�niteness, we take this to mean \closed regular": S is closed regular if S = cl(int(S)),where cl denotes closure, and int denotes the interior of a set [27].6



as the example objects described in Section 4, may be modelled using a Selec-tive Geometric Complex.) Similarly, the method of [18] permits the de�nition ofobjects in terms of cells of very general form.Yet another modelling method [31, pp. 26, 106] that may be used for rep-resentation in higher dimensions, and that which is closest to the topic of thispaper, is called Generative Modelling. Here, the boundary of the set to be rep-resented is de�ned by a generator (a subset of Em: for example, if m = 2, thegenerator might be the circlef(u) = [cos(2�u); sin(2�u); 0] : 0 � u � 1g );and a transformation (for example the translation�([p1; p2; p3]; v) = [p1; p2; p3] + [0; 0; v] );which together de�ne a surface (in our example, the cylinderf�((u); v) : 0 � u � 1; 0 � v � lg = f[cos(2�u); sin(2�u); v] : 0 � u � 1; 0 � v � lg;see [31, p. 24]). More generally [31, p. 27], the boundary of the object to berepresented is de�ned by a transformationT (p;q) : Em �Ek ! Enwhere p 2 Em is a point to be transformed, and q 2 Ek is a k-dimensionalvariable parametrizing a continuous piecewise-smooth transformation, which isto be applied to a speci�ed subset of Em called the generator. In our case, if the3-D set C (described in Section 1) is independent of t, then in the notation of[31, p. 27] we have n = 4, m = 3 and k = 1; our scalar parameter t plays therole of q, and the boundary @C of our set C plays the role of the generator inE3. The actual transformation applied to @C, in our case, is de�ned implicitlyby the trajectory x(t) and the position (speci�ed in terms of a moving coordinateframe) of C for a given parameter value t � t0.7



2.2 Object visualizationDi�erent approaches to the visualization of objects in E4, and higher-dimensionalspaces, have been proposed, depending upon the application. For example, it is ofinterest to visualize objectsO(t) � E3 moving in time, t0 � t � tf , in applicationssuch as interference detection (see [19], and the references cited there). Note thatthis involves sweeping a 3-D object along a 3-D trajectory; it is therefore similarto, but di�erent from, the 3-D representation method described at the beginningof Section 1, where instead of O(t), a 2-D set C(t) was swept. The set of positionsof O(t) can of course be viewed as a 4-D set:f(t; z) 2 E4 : t 2 [t0; tf ]; z 2 O(t)gbut the visualization of this set is typically [19] replaced by the visualization ofa corresponding 3-D set [t2[t0;tf ]O(t);the so-called swept volume of O(t) in E3 as t goes from t0 to tf . Thus, in certaincontexts, it is useful to visualize 4-D sets by looking at a projection along onedimension into a subspace E3.The method of projection is also used to visualize 3-D subspaces of higher-dimensional phase space, in the study of nonlinear dynamical systems [25]. In[28], tradeo�s between various methods, of projection of 4-D objects to one ormore views on a 2-D viewing screen, are discussed in a general way. Both of thesepapers also mention the use of colour as an heuristic method to provide clues tothe structure of a 4-D object. Other devices, carried over from 3-D graphics,may be useful when the object to be visualized is a 2-D surface [2, 3, 5, 14]:these include illumination and shading of the surface, ribboning, clipping andtransparency. The fact that we are working in E4 creates special problems,however. (For example, this is the case for illumination and shading, because a2-D surface has two linearly independent normal vectors in E4 [13, 14, 28].)8



Colour is also used in the representation of an important special class of setsin E4, viz 3-D scalar �elds, or graphs of functions of three variablesf(z; f(z)) : z 2 Dg;where the surface D � E3 is the domain of the function f . (Such functions may,for example, be the result of interpolation between a �nite number of discretedata points [26].) One possibility is to display areas of D corresponding to agiven range of values � � f < � in a speci�c colour. Related methods areused in statistical visualization, where f is a density surface derived from high-dimensional point data [30].The method of this paper will permit the exploration and visualization of setsin E4. Examples include the Klein bottle (discussed in detail below) or other sur-faces in E4, or the attractor sets corresponding to dynamical systems having fourdegrees of freedom, modelled using the Lagrangian formulation [17]. Similarly,for attractor sets corresponding to dynamical systems with �ve degrees of free-dom [25] or more, we could use the method to visualize various 4-D projectionsof the �ve- or higher-dimensional space in which the attractors lie.3 Moving coordinate framesIn this section we introduce, in E4, coordinate frames that can be used to specifythe system of coordinates as we move along the trajectory x(t), for purposes ofeither representation or visualization. In subsection 3.6, the relative merits of thevarious choices are discussed. Moving coordinate frames will usually be de�nedin terms of vectors ei(s), where s is the arc-length parameter, and when there isno possibility of confusion, the parameter s will be deleted.9



3.1 Parametrized curves in EnIn [12, p. 25], a parametrized curve in En is de�ned to be a smooth, regular mapx : I ! En, where I is an interval of the real line. \Smooth" means in�nitelydi�erentiable; \regular" means that the velocity vector x0(t) = dxdt (t) is nonzerofor all t 2 I . Two parametrized curves represent the same geometrical curve ifthey reduce to each other by a change in parameter; in particular, the \natural"arc-length parameter (mentioned above), is uniquely de�ned bys(t) = Z tt0 kdxdt (t)kdt;up to a transformation s! �s+constant. (Here, k�k denotes the usual Euclideannorm.) We clearly have kx0(s)k = 1, where 0 denotes di�erentiation with respectto s.3.2 The Frenet frame in EnFor each s 2 I , the Frenet frame at x(s) is de�ned [12, p. 25] in the followingway. We suppose that the derivatives x(1)(s); :::;x(n)(s) are linearly independent,and we de�ne �k(s) to be the subspace of dimension k spanned by the vectorsx(1)(s); :::;x(k)(s); �k(s) is called the k-th osculating space of the curve at x(s).Clearly �1(s) � �2(s) � ::: � �n(s). The Frenet frame is given by the vectorsei(s); i = 1; :::; n, de�ned uniquely by the conditions e1(s) = x(1)(s) andei(s) 2 �i(s); ei(s) ? �i�1(s); kei(s)k = 1; ei(s) � x(i)(s) > 0; i = 2; : : : ; n:The rate of change of the Frenet frame is given bye0i = �ki�1(s)ei�1 + ki(s)ei+1; i = 1; :::; nwhere k0 = kn = 0, e0 = en+1 = 0. In particular, we have k1(s) = kx(2)(s)k; thisis the curvature of the curve. 10



If n = 3, then the vectors t(s), n(s), and b(s), mentioned in Section 1,correspond to e1(s); e2(s); e3(s) 2 E3; k1(s) is the usual 3-D curvature, and�k2(s) is the usual 3-D torsion.For n = 4 (the case that interests us), the system of di�erential equations fore1(s); e2(s); e3(s); e4(s) 2 E4 becomese01 = k1(s)e2;e02 = �k1(s)e1 + k2(s)e3;e03 = �k2(s)e2 + k3(s)e4;e04 = �k3(s)e3 :3.3 Simple trajectories appropriate for visualization in E4In practice it is convenient to use trajectories that do not satisfy the conditionthat the derivatives x(1)(s);x(2)(s);x(3)(s) and x(4)(s) are linearly independent.Indeed, for the purposes of visualization of objects, we may want to use a sequenceof trajectories of very simple form, such as line segments, and circular arcs lyingin a 2-D linear variety. For example, in the implementation described below,we used straight-line and circular-arc segments. Suppose 0 = s0 < s1 < : : : <sj�1 < sj < : : : < sm. For any j = 1; : : : ; m, a straight-line segment is de�nedfor s 2 [sj�1; sj ] by its initial point x0 2 E4, and its initial direction d 2 E4,kdk = 1: x(s) = x0 + (s� sj�1)d; sj�1 � s � sj :It is obvious in this case that x(sj�1) = x0, x(1)(sj�1) = d, kx(1)(s)k = 1, andthe higher derivatives x(2)(s) = x(3)(s) = x(4)(s) = 0 taken with x(1)(s) forma linearly dependent set of vectors. A circular arc is de�ned by its initial pointx0 2 E4, its radius r, and two orthogonal vectors d;n 2 E4; kdk = knk = 1,which de�ne the 2-D linear variety in which the arc lies. The initial direction isagain given by d, and the initial direction from the circular arc to its centre (i.e.11



the principal normal direction of the arc at s = sj�1) is given by n. We havex(s) = x0 + r(n+ � d n �264 sin((s� sj�1)=r)� cos((s� sj�1)=r) 375); sj�1 � s � sj :It is easy to verify that x(sj�1) = x0, x(1)(sj�1) = d, kx(1)(s)k = 1, x(1)(s) andx(2)(s) are linearly independent, but x(3)(s) and x(4)(s) along with x(1)(s) andx(2)(s) form a linearly dependent set of vectors. See Figure 2.nx0 + rn x0 d
Figure 2: Circular arc in the plane de�ned by d and n3.4 Modi�ed Frenet framesA trajectory x(s) 2 E4 can thus be made up of segments formed of (for ex-ample) straight-line and circular-arc trajectories, joined together at the knotss1; : : : ; sm�1. If for s 2 [sj�1; sj ] a straight-line segment is used, it is necessaryto complete the reference frame by adding three unit vectors to fdg to form aset of four mutually orthogonal vectors; similarly, if the segment is a circular-arc12



segment, and we desire to use the �rst two vectors fd;ng of the Frenet frame, itis necessary to complete the reference frame by adding two unit vectors to fd;ngto form a set of four mutually orthogonal vectors.If a sequence of straight-line/circular-arc trajectories are joined together atthe nodal points sj in such a way that x0(s) is continuous at sj , j = 1; :::; m� 1,it may still happen that the Frenet frame changes abruptly at a nodal point.This phenomenon is apparent even for the 3-D Frenet frame, and is illustratedby Figure 3 (similar to, but di�erent from, Figure 2 of [16]). Consequently,modi�cations of the Frenet frame have been proposed [7, 8, 16] for E3. Forexample, if the curve remains within a plane, continuity of the coordinate framecan be preserved by replacing the binormal vector b by a �xed vector e3 normal tothe plane, and replacing the normal vector n by e2 = e1�e3, where e1 = t [7, p.293]. More generally, rotation-minimizing frames can be used [16], but a degreeof arbitrariness appears in the extension to E4. In analogy to [16, Section 4], letx(1)(s) = t(s) = e1(s), let e2(0); e3(0) and e4(0) be such that e1(0); e2(0); e3(0)and e4(0) form an orthonormal frame, and let e1(s); e2(s); e3(s) and e4(s) be anorthonormal frame de�ned along x(s). The projection of this frame, into the 3-Dlinear variety containing x(s) and orthogonal to t(s), is given byei � e1(e1 � ei); i = 2; 3; 4:The rotation of this triple of vectors, relative to its initial position, is de�ned bya two-parameter family of angles (in contrast to the 3-D case, where the rotationis de�ned by a single angle whose minimization de�nes the rotation-minimizingframe).Klok observed [16, p. 221] that for the 3-D rotation-minimizing frame, itmay happen that x(sm) = x(0), but the coordinate system corresponding tos�m is di�erent from the coordinate system corresponding to 0+. An interestingexample, which is essentially a thickened M�obius strip, is shown in [16, Figure13
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Figure 3: Two orthogonal planes containing three planar arcs9]. Thus, a coordinate transformation is required to move from s�m to 0+. (Notethat our point of view di�ers from that of Klok: we do not question the validityof the solids associated with such trajectories. The solid S, and the cross-sectionC(s) � fv : e1(s) � (v � x(s)) = 0g, exist as well-de�ned subsets of Euclideanspace. However, their appearance may change abruptly if we abruptly changethe coordinate system in which they are described.)3.5 Viewing-reference coordinate frameA commonly used reference frame in computer graphics is the viewing-referencecoordinate (VRC) frame, mentioned in the introduction, above. Suppose that weare given a reference vector in E3, denoted vref (typically vref would be viewedas the \up" direction, and denoted VUP). Provided that vref and t(s) are notcollinear, the (normalized) VRC frame is de�ned by e1 = t(s) (normalized so14



that ke1k = 1), e2 = vref � t(s)(t(s) � vref) (normalized so that ke2k = 1) i.e.e2 is the normalized projection of vref into the plane orthogonal to t(s), ande3 = e1 � e2. This frame can be generalized to E4, provided that two referencevectors (which we will denote vref1 and vref2) are speci�ed [15].In the implementation described below, we computed the vectors of the VRCframe in E4 using Gram-Schmidt orthogonalization, in the following way:e1  t(s); e1  e1=ke1ke2  vref1 � e1(e1 � vref1); e2  e2=ke2k (Gram-Schmidt);e3  vref2 � e1(e1 � vref2)� e2(e2 � vref2); e3  e3=ke3k (Gram-Schmidt);e4  e1 ^ e2 ^ e3 (4-D vector product).(In fact, if we use curve segments parametrized by s, we have kx0(s)k = kt(s)k =1, and the normalization of e1 can be omitted.) The vector product e1 ^ e2 ^ e3is de�ned by the determinant of266666664 ijkl e1 e2 e3 377777775 ;where the unit vectors i, j, k and l correspond to the ordinary principal coordinateaxes. We have ke4k = 1; indeed,� e1 e2 e3 e4 �is an orthogonal matrix.3.6 Comparison of alternative framesThere are two major di�culties with using the Frenet frame in the context of asweeping method, for representation or visualization of objects in E4. The �rstis that the Frenet frame is de�ned in terms of the arc-length parameter s, while15



the user may wish to specify a curve x(t) in terms of some other parameter t; thisnecessitates a reparametrization of x(t) in terms of the arc-length parameter s.(This was easily done for the straight-line and circular-arc trajectories describedabove, but in general, as is true even in the case n = 3, there may be no convenientexpression for the inverse of the mapping s = s(t).) The second di�culty is thatthe frame is not de�ned in the case when x(1)(s), x(2)(s), x(3)(s) and x(4)(s) arenot linearly independent.One way to avoid the reparametrization problem is to permit the user to de�nex(s) interactively, by permitting interactive modi�cation of the parameters k1(s),k2(s) and k3(s) to determine the trajectory on a short interval [sj�1; sj ], wherej = 1; : : : ; m. Thus, the trajectory would be de�ned progressively, as the object isspeci�ed (representation) or explored (visualization). Suppose e1(sj�1),e2(sj�1),e3(sj�1) and e4(sj�1) have been speci�ed, and x(sj�1) and C(sj�1) have beendisplayed; then the user could specify, using a mouse, a tentative (constant)value for k1(s); k2(s) and k3(s), s 2 [sj�1; sj], and ei(sj) and x(sj) can then becomputed by integrating the system of ordinary di�erential equationse0i = �ki�1ei�1 + kiei+1; i = 1; :::; 4numerically over the interval [sj�1; sj ]. (The 16 equations are linear, homo-geneous, with constant coe�cients, and with only two nonzero coe�cients perrow.) Then, if the resulting x(sj) is not what is desired, new tentative values ofk1(s); k2(s) and k3(s), for the interval [sj�1; sj ], can be speci�ed by moving themouse. This method permits the use of geometric intuition in the de�nition ofthe curve (in particular, 1=k1(s) is the \radius of curvature", and �1=k2(s) is the\radius of torsion"). We have not, however, implemented this approach.If the rotation-minimization modi�cation of the Frenet frame is used, wemust choose an appropriate measure of rotation minimization, in the 4-D case,and depending upon how this is done, it may still be necessary to deal with16



the reparametrization problem. Furthermore, it may still be necessary to acceptsudden changes in the coordinate system, as for example when there is a change inthe plane containing the trajectory (for example, Figure 3), or when the trajectoryreturns to its starting point at sm � 0 (for example, the thickened M�obius strip[16, Figure 9] mentioned above). Such changes in the coordinate system will beespecially disorienting in the case of visualization in E4.The VRC frame appears to be the best choice from the point of view ofpermitting a human observer to orient an object, and this is the most importantcriterion in the case of representation and visualization in dimensions greaterthan three. Consequently, this was our choice for the implementation, describedin the next section, of the sweeping method for E4. The four-dimensional VRCframe was described in subsection 3.5 in terms of the arc-length parameter s, butthis was only for purposes of uniformity of presentation: use of the arc-lengthparameter is not essential. The vector t(s) can be computed from dxdt (t)=kdxdt (t)kusing any parametrization x(t), and the computation of the vectors e1,e2, e3 ande4 does not otherwise depend on s. The main disadvantage of the VRC frame isthat the tangent vector e1 = x0(s) is constrained to lie outside the plane de�nedby the reference vectors vref1 and vref2 .4 Implementation and examplesWe have implemented the sweeping method for the case of visualization of pla-nar surfaces, in E4, using the VRC frame. In this section we will describe ourimplementation, and illustrate the method by means of two examples. The �rstexample is the Klein bottle; in the second example, we examine the knot structureof another surface in E4. 17



4.1 ImplementationIn our implementation2, facilities for the input of the test object, and the tra-jectory in E4, are quite rudimentary: the object is speci�ed by placing a list ofits de�ning polygons in a �le3, and a list of trajectory segments (straight-lineor circular-arc) in another �le4. It is possible to assign a colour (any R-G-Bcombination) to each polygon, and it is possible to specify that line segments bereplaced by thin faceted cylinders, to facilitate relative depth perception.The facilities provided for moving back and forth along the trajectory, tovarious parameter values such as s = sj , and for visualization of C(sj) (theintersection of the given object with the 3-D linear variety containing x(sj) andorthogonal to x0(sj)), are more elaborate. The trajectory is divided into straight-line and circular-arc segments, and each segment can be divided into steps of size�s. It is possible, by clicking on graphics-interface menu buttons, to advanceone step, back up one step, advance one segment, or back up one segment. Thestep-size �s can be modi�ed interactively.Given the position s = sj on the trajectory, the program computes and dis-plays the 3-D set C(sj) in colour. The basic viewing parameters are speci�edinitially in a third input �le5; then, at each step, the user can, again by clickingon buttons in the menu provided, interactively rotate this 3-D object, change theviewing angles, and so on. The set C(sj) is displayed relative to an indicatedorigin, which corresponds to x(sj).2The C++ program realizing the implementation, for SUN workstations, is available byanonymous ftp at ftp.iro.umontreal.ca, in the directory pub/vision/softs/stewart. Documenta-tion, including comments, is in the French language.3File �lename.scn, where .scn suggests \scene".4File �lename.trj, where .trj suggests \trajectory".5File �lename.vsn, where .vsn suggests \vision".18



4.2 Representation of the Klein bottleOur representation of the Klein bottle (see Figure 4, which is not to scale) canbe viewed as comprising two parts. The �rst is in the shape of an inverted-U,
�1012
3x3
�2 �1 0 1 �1 0 1 2F0 x2x1Figure 4: A Klein bottlemade up of points with x4 = 0. One of the faces of this inverted-U is F0, whichhas corner vertices(0;�1; 2; 0); (0; 2; 2; 0); (0; 2;�1; 0); (0;�1;�1; 0):The face F0 has normals u = (1; 0; 0; 0) and v = (0; 0; 0; 1), or any linear com-bination of u and v; it contains no hole, despite the appearance of one in the3-D presentation of Figure 4. A second face of the inverted-U is parallel to F0,in the plane x1 = 1, at the right of Figure 4; this face has a hole, which is anopening to the second part of the object. The second part of the object is ahorizontal tunnel which leads to the inside of the inverted-U by means of a hole19



F1 F2 F3F4 F5 F6F7F8(�1; 1; 1; 0) (0; 1; 1; 1) (1; 1; 1; 0)(�1; 0; 1; 0) (0; 0; 1; 1) (1; 0; 1; 0)(�1; 1; 0; 0) (0; 1; 0; 1) (1; 1; 0; 0)(�1; 0; 0; 0) (0; 0; 0; 1) (1; 0; 0; 0)Figure 5: Tunnel section of Klein bottlein the face at x1 = �1. The horizontal tunnel is shown in detail in Figure 5. Ithas eight faces, F1; : : : ; F8, which form the sides of the tunnel (the label for eachface appears at the centre of the face). It is easy to verify that none of the facesF1; : : : ; F8 intersects F0. Describing the tunnel informally, we may say that itavoids intersection with F0 by veering o� at 45o in the direction of the x4 axis.The faces F1; : : : ; F8 are planar, and each has two linearly independent normalvectors, u and v. For the eight faces, only two cases for u, and two cases for v,arise: v = (1; 0; 0;�1) v = (1; 0; 0; 1)u = (0; 1; 0; 0) F1, F3 F5, F7u = (0; 0; 1; 0) F2, F4 F6, F8The faces of the object are, in our implementation, required to be convex.Thus, for example, the face in the plane x2 = �1 in Figure 4 (i.e. the front face20



of the inverted-U) is actually represented by three rectangles:f(x1;�1; x3; 0) : �2 � x1 � �1; �1 � x3 � 3g;f(x1;�1; x3; 0) : �1 � x1 � 0; 2 � x3 � 3g;f(x1;�1; x3; 0) : 0 � x1 � 1; �1 � x3 � 3g:As indicated in Figure 4, the top face of the inverted-U is also represented as theunion of three smaller rectangles:f(x1; x2; 3; 0) : �2 � x1 � �1; �1 � x2 � 2g;f(x1; x2; 3; 0) : �1 � x1 � 0; �1 � x2 � 2g;f(x1; x2; 3; 0) : 0 � x1 � 1; �1 � x2 � 2g:All faces in the inverted-U with �2 � x1 � �1 (the left side of the inverted-U)are coloured red; all faces in the inverted-U with �1 � x1 � 0 (the middle ofthe inverted-U) are coloured green; all faces in the inverted-U with 0 � x1 � 1(the right side of the inverted-U) are coloured yellow. Thus, all polygons in theboundary are �lled. The three polygons forming the top face in Figure 4 areshown in their (actual) �lled form; the other faces are left un�lled for clarity.The reason for dividing the top face into three smaller faces was to permit theuse of three distinct colours. The faces of the tunnel (for which x4 6= 0) arecoloured magenta (equal parts of red and blue).In the next subsection we will show the results of two exploratory trajectoriespassing through the Klein bottle. The �rst trajectory enters the Klein bottlethrough the tunnel (we will be able, using our method, to observe that the tunneldoes not intersect F0), and continues until it reaches the middle of the left-sideof the inverted-U, near (�1:5; :5; :5; 0); see Figures 4 and 6. This is indicated bythe leftward pointing arrow L in Figure 6. The trajectory then turns upward,in the x3 direction as indicated by the upward pointing arrow U (at x3 = 1 wewill be able to observe the top of the tunnel, on the right, veering o� at 45o inthe x4-direction). The trajectory continues upward, turning right across the top21



LU R D
Figure 6: Exploratory trajectoryof the inverted-U (rightward pointing arrow R), and right again to descend theright leg of the inverted-U (downward pointing arrow D). We will again be ableto observe the tunnel as we descend along D, but it will be slightly displaced,lying in the halfspace x4 > 0.The arrows L, U, R and D in Figure 6 are only suggestive of the actualtrajectory. For example, the initial left-pointing arrow L, passing through thetunnel, in reality begins with a curved segment turning 45o in the direction ofthe x4-axis, so that it remains in the interior of the tunnel as the tunnel veers o�at 45o in the positive x4-direction. Then, near x1 = 0, another curved segmentcauses the trajectory to turn minus 90o in the direction of the x4-axis, again sothat the trajectory remains in the interior of the tunnel as the tunnel returns tothe plane x4 = 0 (when x1 = �1). There follows a curved segment that causesthe trajectory to turn 90o in the positive x3-direction, which brings the trajectory22



in line with the upward pointing arrowU in Figure 6. Two more curved segmentsare required later, to e�ect the transition to the parts of the trajectory indicatedby the arrows R and D in Figure 6.The second trajectory begins by following the initial arrow L exactly as il-lustrated in Figure 6, but with x4 = 0 throughout. In this case, when we reachx1 = 0, we encounter the face F0 (whereas with the �rst trajectory we do not).4.3 Exploration of the Klein bottleWe now present certain of the cross-sections C that were displayed on the screenwhile following the trajectories, described above, through the Klein bottle. Mostof the discussion concerns the �rst trajectory, which follows the tunnel into thehalfspace x4 > 0. At the beginning of arrow L, at x = (1; :5; :5; 0), C is ahomogeneously two-dimensional subset of the 3-D linear variety viz the righthandface with hole (Figure 7). Note that the origin and axes of this 3-D linear variety(viewed as a translate of E3) are indicated by three short lines, coloured red,green and yellow, emanating from the origin.Immediately afterwards (near x1 = :9), we see only the outline of the yellowpart of the inverted-U, and the outline of the tunnel (Figure 8). When we havefollowed the tunnel to x1 = 0 using the �rst trajectory, F0 is visible, but it is farfrom the trajectory (see Figure 9). However, digressing momentarily, if we usethe second trajectory, with x4 = 0, then at x = (0; :5; :5; 0) we actually encounterthe solid yellow face F0; this is illustrated in Figure 10.Returning to our discussion of the �rst trajectory, if we continue our leftwardmovement along L, then when we reach x = (�1; :5; :5; 0) we observe the verticalface containing the hole that allows us to enter the inverted-U (see Figure 11). (InFigure 11, the ambiguity of the colour de�nition at region boundaries causes theoutline of the upper part of the inverted-U to appear in green. It could equallywell have appeared in red.) 23



Figure 7: Righthand face, with hole
Figure 8: Cross-section near x1 = :924



Figure 9: F0 as seen from the tunnel at x1 = 0
Figure 10: Face F0 intersects second trajectory25



Figure 11: Face with hole at x1 = �1As the trajectory turns upwards along arrow U, we are able, at x3 = 1, tosee the top of the tunnel: Figure 12 shows the object viewed in the directionof U. The set C consists here of the outline of the red part of the object andthe outline of the yellow part of the object, along with the upper surface of thetunnel. If we use the viewing interface to rotate the set C displayed in Figure 12,we obtain a nice view of the top of the tunnel as it veers o� at 45o in the x4-direction (Figure 13). Continuing along the trajectory, past arrow R to arrowD,at x = (:5; :5; 1; 0) we obtain a similar view of the top of the tunnel (Figure 14).In Figure 14 we have again used the viewing interface to rotate the 3-D objectC. Other characteristics of the Klein bottle become apparent when moving aroundit, using the sweeping method: we have only given one example here. The im-plementation we have described would be useful, for example, in a pedagogical26



Figure 12: Top of tunnel seen from x = (�1:5; :5; 1; 0)context, to show how a Klein bottle can be embedded in E4.4.4 A further exampleAs a second example, also of visualization in E4, we used our method to exploreanother surface in E4, denoted here by K, whose representation is available inthe public domain6. A relatively brief description of this example will be givenhere.We used various trajectories to explore the surface K, including the �rsttrajectory used for the Klein bottle, in the example above, and including the6The faceted surface ks4mesh, placed in the public domain by A. Hanson, atftp.cs.indiana.edu/pub/hma. Also available there is further documentation on this and otherobjects. A modi�ed version of the �le, compatible with and capable of immediate use with ourimplementation, is available at the ftp site mentioned in footnote 2, in the �le K.scn.27



Figure 13: Top of tunnel: rotated viewvery simple trajectory x(s) = xo + se1; 0 � s;where xo = (1; 0:5; 0:5; 0) and e1 = (�1; 0; 0; 0). Certain of the cross-sections,such as the set C(0) obtained at s = 0, exhibit a knotted structure, as illustratedin Figure 15. Moving along the trajectory, the two loops in the middle of thepicture split apart (near s = 2:057); then, the lefthand loose ends link up, and therighthand loose ends link up, to form the unknotted set illustrated in Figure 16.The sets in Figures 15 and 16 are actually one-dimensional curves, rendered7 hereusing faceted cylinders to permit the perception of relative depth.7Choosing Illumination and Cylinder in the menu provided in window Scene.28



Figure 14: Top of tunnel seen from x = (:5; :5; 1; 0)5 ConclusionWe have discussed how various moving coordinate frames can be used to gener-alize the sweeping method to the case of four-dimensional objects. In particular,the method was illustrated in the case of object visualization, using the four-dimensional VRC frame.References[1] Akman, V. and Arslan, A. Sweeping with all graphical ingredients in a topo-logical picturebook. Computers and Graphics 16, No. 3, 273-281 (1992).[2] Bancho�, T. F. Visualizing two-dimensional phenomena in four-dimensionalspace: a computer graphics approach. In: Statistical Image Processing and29



Figure 15: Surface K: C(s) at s = 0Computer Graphics, Wegman, E. J. et al eds., Dekker, New York, 187-202(1986).[3] Banks, D. Interactive manipulation and display of two-dimensional surfacesin four-dimensional space. Proc. 1992 Symposium on Interactive 3D Graph-ics. Cambridge, MA, 29 March { 1 April, 1992. SIGGRAPH Special Issue,197-207 (1992).[4] Bernardini, F. et al. Working with dimension-independent polyhedra. Tech-nical Report 07-91, University of Rome \La Sapienza", Rome, Italy (1991).[5] Beshers, C. M. and Feiner, S. K. Real-time 4D animation on a 3D graphicsworkstation. Proceedings of Graphics Interface, 1-7 (1988).[6] Brisson, E. Representation of d-dimensional geometric objects. PhD Thesis,Department of Computer Science and Engineering, University of Washing-30



Figure 16: Surface K: C(s) at s = 2:5ton, Seattle, Washington. Technical Report 90-08-03 (1990).[7] Bronsvoort, W. F. and Klok, F. Ray tracing generalized cylinders. ACMTransactions on Graphics 4, No. 4, 291-303 (1985).[8] Bronsvoort, W. F., v. Nieuwenhuizen, P. R. and Post, F. H. Display ofpro�led sweep objects. Visual Computer 5, 147-157 (1989).[9] Choi, B. K. and Lee, C. S. Sweep surfaces modeling via coordinate transfor-mations and blending. Computer-Aided Design 22, No. 2, 87-96 (1990).[10] Ferrucci, V. and Bernardini, F. Boolean operations over multidimensionalpolyhedra using linear programming, symbolic manipulation and simplicialdecompositions. Technical Report 13-91, University of Rome \La Sapienza",Rome, Italy (1991). 31
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