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Cartesian Product

Set Theory: Basic Constructs

There are three basic constructs in set theory:

Cartesian product SxT

Power set P(S)

Comprehension 2 {x|P}

2

- where S and T are sets, x is a variable and P is a predicate.

................. Frechnology Tuich
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P(S) S
S 0

Subset of S
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Set Inclusion and

Basic Set Operator Memberships (

These axioms are defined by equivalences.

. Left Part Right Part
Left Part Right Part
SCT SelP(T
E—FeSxT EeS N FeT n (7)
S=T SCT ANTCS
SeP(T) Vx-(xeS=x€eT) B B
(x is not free in S and T)

The first rule is just a syntactic extension

The second rule is the Extensionality Axiom

4 Ec{x|P} [x := E]P
@ (x is not free in E) s
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Union, Difference, Intersection

Union Difference

Union SUT

Intersection SNT

Difference S\T Intersection

Extension {a,...,b}

Empty set &
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A Refresher on Set Theory Sxtensions A Refresher on Set Theory Sxtensions
Elementary Set Operator Memberships Summary of Basic and Elementary Operators
EeSuUT EeS Vv EeT SxT SUT
EeSnT EeS N EET P(S) SNT
EcS\T EcS A E¢T S\T
Eec{a,...,b} E=a Vv ... VvV E=b SCT {a,..., b}
Eco L S=T 1%}
2 4
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Generalizations of Elementary Operators Generalized Union
S union(S)
Generalized Union union (S)
al
Union Quantifier Ux-(P|T)
a2
a3
Generalized Intersection inter (S)
ad
ad
- 2
Intersection Quantifier Nx-(P|T) * as
al
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Generalizations of Elementary Operator Memberships

Generalized Intersection

S inter(S)

E € union (S) ds-seS AN Ees
(s is not free in S and E)

Ee(Ux-P|T)| 3x-PAEeT
(x is not free in E)

E € inter (S) Vs-s€S = Ecs
(s is not free in S and E)

Eec(NxP|T) |Vx-P=EcT

(x is not free in E)

Well-definedness condition for case 3: S # &
4% ;% Well-definedness condition for case 4:  Jdx-P
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Summary of Generalizations of Elementary Operators Binary Relation Operators (1)

union (S) Binary relations ST
Ux-P|T Domain dom (r)
inter (S) Range ran (r)

Nx-P|T Converse rt
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A Binary Relation r from a Set A to a Set B

r e A—~B
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Range of Binary Relation r

Bucharest, 14-16/07/10

ran(r) = {bl, b2, b4, b6}
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A Refresher on Set Theory

Domain of Binary Relation r

dom(r) = {al, a3, ab, a7}
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Converse of Binary Relation r
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Binary Relation Operators (3) The Domain Restriction Operator

Domain restriction Sar
Range restriction r>T
Domain subtraction Sqr
Range subtraction res T
{a3, a7} < F
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F > {b2,b4}
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The Domain Substraction Operator

{a3, a7} < F
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The Range Substraction Operator

F e {b2,b4}
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Left Part Right Part

E—F e S«ar EeS N E—~Fecr

E—F e€r>T E—Fer N FeT

E—F e S4ar E¢S N E~Fer

» E—F e€reT E—Fer N FgT
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Image of {ab, a7} under r

Image rw]

Composition p.q

Overriding p<tq

Identity id (S)
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r[{a5,a7}] = {b2, b6}
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F<+{x|—>y}
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Special Case

- F {xl—>y}
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The ldentity Relation

al al

a2 a2

a3 a3

a4 ad
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Classical Results with Relation Operators More classical Results
rt=r Given a relation r such that r€ S« S
dom(r=1) = ran(r) r=r-t r is symmetric
(S<ar™t =r1p8 rnrl=g r is asymmetric
(p;q) t = qg1;pt rort Cid(S) r is antisymmetric
(p;q);r = q;(p;r) id(S) € r r is reflexive
(p:q)[w] = q[p[w]] rnid(S) =o r is irreflexive
pi(qgur) = (p;q) U (p;r) rirCr r is transitive ]

4 rlaub] = r[a] U r[b] 4
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Translations into First Order Predicates Function Operators (1)

Given a relation r such that re S S

Partial functions S+ T
r=rt Vx,y-x€ESANyeS=(x—y€rsy—xer)

1 _ . .

=2 X,y Xy er=y i xgr Total functions S—T
rnr~t Cid(S) Vx,y - x+—yErAy—xe€r=x=y
id(S) C r Vx-xe€S=x—XxE€Er
rnid(S) =g VX, y x>y eEr=x#y Partial injections ST
rirCr VX,y,Z Xty ErANy—zE€r=xrz¢cr
Set-theoretic statements are far more readable than predicate calculus Total injections S—T
statements
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Fe A+-B
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Fe A—B
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A Partial Injection F from a Set A to a Set B A Total Injection F from a Set A to a Set B

FeA+B

FeA—B
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Function Operator Memberships (1) Function Operators (2)

Left Part Right Part Partial surjections S+»T

feS+T feS—T A (f1;f)=id(ran(f)) Total surjections ST

feS—T feS+T A s=dom(f) Bijections S—»T

feS—+T feS—-T AN fleT+-S

feS—T feS—>T A fleT+-S »
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A Partial Surjection F from a Set A to a Set B A Total Surjection F from a Set A to a Set B

FeA—+B
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A Bijection F from a Set A to a Set B

FeA—»B
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ST S+ T

S—>T S—»T

ST S—»T

S—T
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Left Part

Right Part

feS+w»T

feS+T A T=ran(f)

feS—»T

feS—T A T=ran(f)

feS—»T

feS—T N feS—T
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SxT S\T =t riw] id (S) {x|xeS A P}
o cx | o | 22

SCT :l;; p<gq gz; {a, b, ..., n}
SUT f;:"(f)r) T e (L
sSNT @ ST inter
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